Introduction {#Sec1}
============

In this paper we study numerical solutions to parabolic equations with highly varying coefficients. These equations appear, for instance, when modeling physical behavior in a composite material or a porous medium. Such problems are often referred to as *multiscale problems*.

Convergence of optimal order of classical finite element methods (FEMs) based on continuous piecewise polynomials relies on at least spatial $\documentclass[12pt]{minimal}
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                \begin{document}$$h<\epsilon $$\end{document}$ to achieve convergence. However, this is not computationally feasible in many applications. To overcome this issue, several numerical methods have been proposed, see, for example, \[[@CR2], [@CR8], [@CR13], [@CR15], [@CR16], [@CR19]\], and references therein. In particular, \[[@CR15], [@CR16]\] consider linear parabolic equations.

In \[[@CR13]\] a generalized finite element method (GFEM) was introduced and convergence of optimal order was proven for elliptic multiscale equations. The method builds on ideas from the variational multiscale method \[[@CR8], [@CR10]\], which is based on a decomposition of the solution space into a (coarse) finite dimensional space and a residual space for the fine scales. The method in \[[@CR13]\], often referred to as local orthogonal decomposition, constructs a generalized finite element space where the basis functions contain information from the diffusion coefficient and have support on small vertex patches. With this approach, convergence of optimal order can be proved for an arbitrary positive and bounded diffusion coefficient. Restrictive assumptions such as periodicity of the coefficients or scale separation are not needed. Some recent works \[[@CR1], [@CR6], [@CR7], [@CR14]\] show how this method can be applied to boundary value problems, eigenvalue problems, semilinear elliptic equations, and linear wave equations.

In this paper we apply the technique introduced in \[[@CR13]\] to parabolic equations with multiscale coefficients. We use the diffusion coefficient to construct a generalized finite element space and for the discretization of the temporal domain we use the backward Euler scheme. Using tools from classical finite element theory for parabolic equations, see, e.g, \[[@CR11], [@CR12], [@CR18]\], and references therein, we prove convergence of optimal order in the $\documentclass[12pt]{minimal}
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                \begin{document}$$L_\infty (L_2)$$\end{document}$-norm for linear and semilinear equations under minimal regularity assumptions and nonsmooth initial data. The analysis is completed with numerical examples that support our theoretical findings.

In Sect. [2](#Sec2){ref-type="sec"} we describe the problem formulation and the assumptions needed to achieve sufficient regularity of the solution. Section [3](#Sec3){ref-type="sec"} describes the numerical approximation and presents the resulting GFEM. In Sect. [4](#Sec6){ref-type="sec"} we prove error bounds and in Sect. [5](#Sec7){ref-type="sec"} we extend the results to semilinear parabolic equations. Finally, in Sect. [6](#Sec11){ref-type="sec"} we present some numerical examples.

Problem formulation {#Sec2}
===================

We consider the parabolic problem$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{array}{lll} c\dot{u} - \nabla \cdot (A\nabla u) = f, &{}\quad \, \text {in } \Omega \times (0,T], \\ u = 0, &{}\quad \,\text {on } \partial \Omega \times (0,T], \\ u(\cdot ,0) = u_0, &{}\quad \, \text {in } \Omega , \end{array} \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$c$$\end{document}$ and *A* to be multiscale (in space), but independent of the time variable.
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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To ensure existence, uniqueness, and sufficient regularity, we make the following assumptions on the data.
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We emphasize that throughout this work *C* denotes a constant that may depend on the bounds $\documentclass[12pt]{minimal}
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We now formulate the variational form of problem ([2.1](#Equ1){ref-type=""}). Find $\documentclass[12pt]{minimal}
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The following theorem states existence and uniqueness of a solution to ([2.2](#Equ2){ref-type=""}). The proof is based on Galerkin approximations, see, e.g., \[[@CR5], [@CR9]\].

Theorem 2.1 {#FPar1}
-----------

Assume that (A1)--(A4) are satisfied. Then there exists a unique solution *u* to ([2.2](#Equ2){ref-type=""}) such that $\documentclass[12pt]{minimal}
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Numerical approximation {#Sec3}
=======================

In this section we describe the local orthogonal decomposition method presented in \[[@CR13]\] to define a generalized finite element method for the multiscale problem ([2.2](#Equ2){ref-type=""}).
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Now define the classical piecewise affine finite element spaces$$\documentclass[12pt]{minimal}
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The next theorem states some regularity results for ([3.3](#Equ5){ref-type=""}).
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Proof {#FPar3}
-----
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Orthogonal decomposition {#Sec4}
------------------------

In this section we describe the orthogonal decomposition which defines the GFEM space denoted $\documentclass[12pt]{minimal}
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### Lemma 3.2 {#FPar4}
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### Proof {#FPar5}
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The result in Lemma [3.2](#FPar4){ref-type="sec"} should be compared with the error of the classical Ritz projection $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_h:V\rightarrow V_h$$\end{document}$ defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a(R_hv,w)=a(v,w)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\forall w \in V_h$$\end{document}$. Using elliptic regularity estimates, one achieves$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert R_hv-v\Vert \le Ch^2\Vert D^2v\Vert \le Ch^2\Vert {\mathcal {A}}v\Vert , \end{aligned}$$\end{document}$$which is similar to the result in Lemma [3.2](#FPar4){ref-type="sec"}. However, in this case, *C* depends on the variations of *A* and the regularity of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega $$\end{document}$. This is avoided by using the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R^{\mathrm {ms}}$$\end{document}$-projection, since the constant in Lemma [3.2](#FPar4){ref-type="sec"} does not depend on the variations of *A* or *c*.
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Localization {#Sec5}
------------
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The following lemma follows from Lemma 3.6 in \[[@CR6]\].

### Lemma 3.4 {#FPar7}
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### Proof {#FPar9}
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Error analysis {#Sec6}
==============
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-----
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Next lemma is a discrete version of a result that can be found in the proof of \[[@CR18], Theorem 3.3\].

Lemma 4.3 {#FPar15}
---------
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-----
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Proof {#FPar20}
-----
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Proof (of Theorem 4.1) {#FPar21}
----------------------

The result follows from Lemmas [4.4](#FPar17){ref-type="sec"} and [4.5](#FPar19){ref-type="sec"} by rewriting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_n=U_{n,1}+U_{n,2}$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_{n,1}$$\end{document}$ is the solution to the homogeneous problem and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_{n,2}$$\end{document}$ the solution to the inhomogeneous problem with vanishing initial data. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Remark 4.6 {#FPar22}
----------

We note that the choice of *k* and the size of $\documentclass[12pt]{minimal}
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The semilinear parabolic equation {#Sec7}
=================================

In this section we discuss how the above techniques can be extended to a semilinear parabolic problem with multiscale diffusion coefficient. In this section we assume, for simplicity, that the coefficient $\documentclass[12pt]{minimal}
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Problem formulation {#Sec8}
-------------------

We are interested in equations of the form$$\documentclass[12pt]{minimal}
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### Example 5.1 {#FPar23}
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### Lemma 5.2 {#FPar24}

If *f* fulfills assumption ([5.2](#Equ27){ref-type=""}) and $\documentclass[12pt]{minimal}
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From ([5.1](#Equ26){ref-type=""}) we derive the variational form; find $\documentclass[12pt]{minimal}
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### Theorem 5.3 {#FPar25}

Assume that (A1) and ([5.2](#Equ27){ref-type=""}) are satisfied. Then, for $\documentclass[12pt]{minimal}
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For the Allen--Cahn equation it is possible to find an a priori global bound of *u*. This means that for any time *T* there exists *R* such that if *u* is a solution then $\documentclass[12pt]{minimal}
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Numerical approximation {#Sec9}
-----------------------

The assumptions and definitions of the families of triangulations $\documentclass[12pt]{minimal}
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Error analysis {#Sec10}
--------------

For the error analysis we need the following generalized discrete Grönwall lemma, see, e.g., \[[@CR12]\].
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### Proof {#FPar31}
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Numerical results {#Sec11}
=================

In this section we present two numerical examples to verify the predicted error estimates presented for the linear problem in Sect. [4](#Sec6){ref-type="sec"} and the semilinear problem in Sect. [5](#Sec7){ref-type="sec"}. In both cases the domain is set to the unit square $\documentclass[12pt]{minimal}
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The method is tested on two different problems. One with constant coefficients$$\documentclass[12pt]{minimal}
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Linear parabolic problem {#Sec12}
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Semilinear parabolic problem {#Sec13}
----------------------------

For the semilinear problem we study the Allen--Cahn equation, which has right hand side $\documentclass[12pt]{minimal}
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As in the linear case, we now compute the localized GFEM approximations $\documentclass[12pt]{minimal}
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